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Abstract 

 

An R-module M is called prime if and only if             for every 

non-zero submodule N of M. In this paper we introduce, essentially 

quasi-prime modules, essentially pseudo-prime modules and essentially 

semi-prime modules as a generalizations of a prime modules, and study 

the relationships among them. Many characterizations, properties and 

examples are given. Furthermore, the relation of these concepts with 

other class of modules are studied. 

 

1. Introduction 

      Throughout this paper, we 

assume that every ring is 

commutative with identity, and 

all modules unital. Let M be an 

R-module, a non-zero submodule 

of M which has non-zero 

intersection with all non-zero 

submodules of M is called 

essential. Essential submodules 

play important roles in this 

research. An R-module M is 

called prime if and only if (0) is a 

prime submodule of M
(1)

 where 

we called a submodule N of M a 

prime if       for     and 

    then either     or 

    (2)
. Aproper submodule N 

of M is called a primary if     

  for     and     then 

either     or       for 

some positive integer n
(3)

. It is 

clear that every prime submodule 

is primary. A proper submodule 

N of a module M is called semi-

prime if              , 

then     (4)
.Many authors 

generalized prime modules see
(1, 

5)
. In this paper various 

generalizations of prime modules 

have been studied, for example 

essentially quasi-prime 

modules,essentially pseudo-

prime modules andessentially 
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semi-prime modules. We show 

that every essentially quasi-prime 

module isessentially pseudo-

prime module, but the converse is 

not true, so we give counter 

example for the converse. Also, 

every essentially pseudo-prime 

modules isessentially semi-prime 

module, but the converse is not 

true  so we give counter example 

for the converse. Furthermore  

we show by examples that 

essentially pseudo -prime module 

and essentially semi-prime 

module are independent. 

2: Essentially Quasi-prime 

Modules 

     In this section, we introduce 

the definition of essentially 

quasi-prime module and give 

some basic properties, examples 

and characterizations of this 

concept. 

Definition 2.1 An R-module M is 

called an essentially quasi-prime 

if       is a prime ideal of R for 

each non-zero essential 

submodule N of M. 

     Every prime R-module is an 

essentially quasi-prime. But the 

convese is not true. Since The Z-

module     is an essentially 

quasi-prime, but not prime. 

     The Z-module      is an 

essentially quasi-prime. The Z-

module     is not an essentialy 

quasi- prime, but the Z-module Z 

is an essentially quasi-prime. The 

homomorphism image of an 

essentially quasi-prime need not 

to be an essentially quasi-prime 

                   ⁄  is not 

an essentially quasi-prime Z-

module. It is essay matter to see 

that essential submodules are 

inheriting the essentially quasi-

prime properties. 

     The following proposition 

gives a characterization of 

essentially quasi-prime modules. 

Proposition 2.2 Let M be an R-

module. Then M is an essentially 

quasi-prime module if and only if 

             for each non-

zero essential submodule N of M 

with     ( )    . 

Proof: Assume that M is an 

essentially quasi-prime R-

module, and N is a non-zero 

essential submodule of M,   

 with   ( ), then        

      . Now, let          

then     ( ), so         , 

hence  either         or 

       . If        , then 

   ( ) this is a contradiction. 

Thus         .  So we get 

            . 

Conversely; Assume 

that               for each 
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non–zero essential submodule  N 

of M, with    ( )    . Let  

      such that           

and suppose that        , 

then     ( ) and    ( ). 

Thus                . 

Hence       is prime ideal of 

M. Therefore M is essentially 

quasi-prime R-module. 

     The following corollary is a 

direct consequence of 

proposition2.2. 

Corollary 2.3. Let M be an R-

module. Then M is anessentially 

quasi-prime R-module if and 

only if     ( ) =    (  )  for 

each a non-zero essential 

submodule (m) generated by 

      with  ( )  ( )   

 . 

     The following proposition 

gives another characterization of 

essentially quasi-prime module. 

Proposition 2.4. Let M be an R-

module. Then Man essentially 

quasi-prime if and only if 

    ( ) is prime ideal for each 

non-zero essentially submodule 

( ) generated by      . 

Proof. Suppose that     ( ) is 

prime ideal of R for each non-

zero essential submodule 

generated by      . Let N 

be anon-zero essentially 

submodule of M.    ( )  

   ( ) is a prime ideal of R for 

eachnon-zero essential 

submodule ( )   . Hence by 

[Abdul-razak  H.M., lemma 

1.2.5]
(6)

 we get    ( )  is prime 

ideal of R. therefore M is 

essentially quasi-prime R-

module. 

     The converse is direct. 

Proposition 2.5. Let   and    

be two essentially quasi-prime 

modules such that for each non-

zero essential submodule N and 

K of   and    respectively, 

either 

    ( )  

    ( )or     ( )  

    ( ).Then          is 

essentially quasi-prime R-

module. 

Proof. Since N is an essential 

submodule of    and K is 

essential submodule of   , then 

by [coro.5.1.7]
(7)

,     is non-

zero essential submodule of M. 

To prove that    (   ) is 

prime ideal of R. Since 

    (   )=            , 

then by hypothesis, either 

    (   )        or 

    (   )       . Hence 

    (   ) is prime ideal of 

R. Hence M is essentially quasi-

prime R-module. 
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     Recall that an R-module M is 

multiplication if every 

submodule N of M, there exists 

an ideal I of R such that    (8)
 

     The following proposition 

shows that in the class of 

multiplication modules the two 

concepts prime and essentially 

quasi-prime R-modules are 

equivalent. 

Proposition 2.6. Let M be a 

multiplication R-module. Then M 

is essentially quasi-prime  if and 

only if M is prime. 

Proof. Suppose that M is an 

essentially quasi-prime R-

module, and let         

such that  ( )  ( ). Since M is 

multiplication, then ( )     

for some ideal I of R. Hence 

    ( ). That is         . 

But M is essentially quasi-prime, 

then    ( ) is prime ideal of R. 

Hence either       ( )or   

    ( ). Thus either    

    ( ) or    ( ). Hence 

either       ( ) or ( )  

( ). Thus ( ) is a prime 

submodule. Then by 
(1)

 M is 

prime. 

     The converse is direct. 

     Since every cyclic R-module 

is multiplication, we get the 

following result. 

Corollary 2.7. if M is a cyclic R-

module, then M is prime if and 

only if M is an essentially quasi-

prime. 

     Recall that an R-module M is 

uniform, if  every nonzero 

submodule of M is essential in M 
(9)

. 

Proposition 2.8. Let M a 

uniform R-module. Then M is 

essentially quasi-prime R-module 

if and only if M is prime. 

Proof. Suppose that M is 

essentially quasi-prime R-

module, we must prove that 

          ( ) for every  

   . Let       ( ) then 

 ( )  ( ). Let    be a non 

zero element of M. Since M is 

uniform then ( )  (  )  ( ). 

That is there exists         

such that           . But 

    , implies that       . 

It follows that         
  

   hence       (   
 ). But M 

is essentially quasi-prime R-

module, then by corollary 

2.3,      (  ). That is    

( ) for each         . Thus, 

      ( ) and 

hence          ( ). 

Therefore M is prime. 

The converse is direct 

    Recall that an R-module M is 

quasi-Dedekind, if  
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   (
 

 
  )  ( ) for all non-

zero submodule N of M (Mijbass 

A. S.  )
(10)

. 

Proposition 2.9. Every quasi- 

Dedekind R-module is an 

essentially quasi-prime module. 

3. Essential Pseudo-prime 

Modules. 

     In this section, we introduce 

the definition of essentially 

pseudo-prime R-modules as 

generalization of prime modules. 

     Before we introduce the 

definition of an essentially 

pseudo-prime R-module, we need 

to introduce the definition of 

essentially pseudo-prime 

submodule. 

Definition 3.1. A proper 

submodule N of an R-module M 

is called essentially pseudo-prime 

if      is a primary ideal of R 

for each non-zero essential 

submodule K of M such that 

   . 

     It it is clear that every  prime 

submodule is essentially pseudo-

prime. 

     The following result is a 

characterization of  essentially 

pseudo-prime submodule. 

Proposition 3.2. Let M be an R-

module, and N be a proper 

submodule of M. Then N is an 

essentially pseudo-prime 

submodule of M if and only if 

√      √       for each 

non-zero essential submodule K 

of M such that        

     . 

Proof. Suppose that N 

isessentially pseudo-prime 

submodule, it is clear that 

√      √       for each 

non-zero essentially submodule 

K of M with            

 . Let   √      , then 

   √       for some   

  and then       , implies 

that          .But      is 

primary ideal of R and   

     , so (  )        for some 

    . Then        . 

Therefore √       √     , 

and hence √      √      . 

Conversely : To prove      is 

primary ideal for each non-zero 

essential submodule K of M 

with      Let          and 

suppose that        .Then 

         √       

√     .Thus   √      , and 

hence N is an essentially pseudo-

prime submodule of M. 

Proposition3.3 Let M be a 

multiplication R-module and N 

be a proper submodule of M. 
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Then the following statements 

are equivalents: 

1. N is essentially pseudo-

prime submodule of M. 

2.       is a primary ideal 

of R. 

3. N is a primary submodule 

of M. 

Proof.    It follows directly. 

   Since M is multiplication 

module, then by [ 

Remark,2.15]
(2)            

for each submodule K of M such 

that    . To prove that N is 

primary submodule of M , 

let        such that      

and suppose that    . It is 

clear that the submodule 

    ( )    and 

so           .Then there 

exists       and       . 

Thus            . But 

    , implies       

 (  ( ))    and    

     . But      is primary 

ideal of R and            

      for some     . 

Therefore N is primary 

submodule of M. 

   Directly. 

 Proposition3.4. Let M be an R-

module, and N be a proper 

submodule of M. Then N is 

essentially pseudo-prime 

submodule of M if and only if 

     is an essentially pseudo-

prime submodule of M. 

Proof.  To prove that 

     isessentially pseudo-prime 

submodule of M, we must prove 

that           is a primary ideal 

of R for each a non-zero essential 

submodule K of M such that 

       . Note that   

       . Let       such 

that             , and 

suppose            , 

then              . 

Hence     . But       is 

primary ideal  and         . 

Then         for some 

    , and so       

     .Therefore    

         and hence       is an 

essentially pseudo-prime 

submodule of M.  

      The converse follows by 

taking   . 

     The following proposition 

studied the homomorphic image 

and the inverse image of 

essentially pseudo-prime 

submodule. 

Proposition 3.5.  Let M and    

be two R-modules, and     

  be an epimorphism, then: 

1) If N is essentially pseudo-

prime submodule of   , 

then    ( ) is an 
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essentially pseudo-prime 

submodule of M. 

2) If N is anessentially 

pseudo-prime submodule 

of M with       , then 

 ( ) is anessentially 

pseudo-prime submodule 

of   . 

Proof.  (1) To prove that   ( ) 

is an essentially pseudo-prime 

submodule of M, we must prove 

that     ( )    is a primary 

ideal of R for each anon-zero 

essential submodule K of M such 

that   ( )   . Since f is an 

epimorphism, then it is clear that 

 ( ) is essential submodule 

of  . Now, let       such that 

        ( )   , then    

   ( ). Hence    ( )  

 (   ( )),  it follows that 

   ( )   (   ( ))   . 

Hence         ( ) , but 

   ( )   , implies that 

   ( ) and hence      ( )  

is a primary ideal of R. Therefore  

either        ( )  or    

     ( )  for some     . And 

so, either   ( )    

or   ( )   . Thus 

either (  )      (   )   . 

Hence       ( )or    

   ( ). It follows that  

    ( )   or    

    ( )   . Thus     ( )    

is a primary ideal of R. Hence 

   ( ) is an essentially pseudo-

prime submodule of M. 

(2)To prove that  ( ) is an 

essentially pseudo-prime 

submodule of  , we must prove 

that   ( )     is a primary ideal 

of R for each non-zero essential 

submodule  of   such that 

 ( )    . Since    is essential 

in     then by (Kash 

F.)
(7)   (  ) is essential in M. 

since f is epimorphism, then 

    (   (  ) ). Put   

   (  )  It follows that  ( )  

 ( ). So to prove that 

  ( )  ( )  is a primary ideal 

of R. Let      such that 

      ( )  ( )  so   ( )  

 ( )  Hence  for each    ( )  

 ( ) for each n in N, which 

implies that            and 

so       for each x in K. 

Hence         .But       is 

primary ideal of R, so either  

     or         for some 

    . Thus either    

             and so either 

  ( )   ( )or   ( )  

 ( ) That is either   

  ( )  ( )      

  ( )  ( )  which mean 

that   ( )  ( )  is a primary 

ideal of R. Hence  ( ) isan 

essentially pseudo-prime 

submodule of   . 
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     Now we introduce the 

definition of an essentially 

pseudo-prime module. 

Definition 3.6. An R-module M 

is said to be an essentially 

pseudo-prime module if       

is primary ideal of R for each 

non-zero essential submodule N 

of M. 

     It is clear that every prime R-

module is an essentially pseudo-

prime module, but the converse is 

not true, since the Z-module    is 

an essentially pseudo-prime Z-

module, but not prime Z-module. 

Also     as a Z-module is an 

essentially pseudo-prime Z-

module but not prime Z-module. 

It is clear that every an 

essentially quasi-prime module is 

an essentially pseudo-prime 

module, but the converse is not 

true, since     as a Z-module is 

an essentially pseudo-prime Z-

module, but not an essentially 

quasi-prime module Z- module. 

The homomorphic of an 

essentially pseudo-prime module 

need not be an essentially 

pseudo-prime module, for 

example, it is clear that the Z-

module Z is an essentially 

pseudo-prime module, but 
 

  
    is not an essentially 

pseudo-prime Z-module because 

the only essential submodule of 

is    is   itself , and        

   which is not primary ideal of 

Z. 

     The following result is a 

characterization of an essentially 

pseudo-prime module. 

Proposition 3.7. Let M be an R-

module, then M is an essentially 

pseudo-prime R-module if and 

only if ( ) is an essentially 

pseudo-prime submodule. 

Proof.  Suppose that M is an 

essentially pseudo-prime module, 

to prove that 〈 〉is an essential 

pseudo-prime submodule of M. 

Since M is an essentially pseudo-

prime module, then      is 

primary ideal of R for each non-

zero essential submodule K of M. 

But       ( )   is a 

primary ideal for each non-zero 

essential submodule 

containing ( ). Hence ( )is an 

essentially pseudo-prime 

submoduleof M. 

Conversely; Since ( ) is an 

essentially pseudo-prime 

submodule of M, then 

 〈 〉        is primary ideal of 

R for each non-zero 

essentialsubmodule K of M 

contained ( ). 

But  ( )             . So, 

M is an essentially pseudo-prime 

module. 



Basrah Journal of Science (A)  Vol.34(2), 183-196, 2016 
 

191 
 

     Now, we can easily obtain the 

following corollary. 

Corollary3.8. A proper 

submodule N of an R-module M 

an essentially pseudo-prime if 

and only if  
 

 
 is an essentially 

pseudo-prime module. 

     By using proposition 3.7 and 

proposition 3.4 we get the 

following corollary. 

Corollary 3.9. An R-module M 

is an essentially pseudo-prime 

module if and only if       is 

an essentially pseudo-prime 

submodule of M for each non-

zero ideal I of R. 

     By using proposition 3.2 and 

proposition 3.7 we get the 

following characterization for an 

essentially pseudo-prime module. 

Proposition 3.10. Let  M be an 

R-module. Then M is an 

essentially pseudo-prime module 

if and only if √      

√       for each non- zero 

essential submodule K of M such 

that    ( )   . 

     As a direct consequence of 

proposition 3.10, we get the 

following result. 

Corollary 3.11. Let M be an R-

module, and M is an essentially 

pseudo-prime module, then 

√    ( )  √    (  )for 

each non- zero essential 

submodule( ) of M generated 

by       with  ( )  

( )    . 

     The following proposition 

shows that the two concepts 

prime module and an essentially 

pseudo-prime module are 

equivalent under the certain 

condition. 

Proposition 3.12. Let M be a 

uniform R-module and       is 

a semi-prime ideal of R for each 

non-zero submodule of M. then 

M is prime if and only if M is an 

essentially pseudo-prime module. 

Proof. To prove that M is a 

prime, we must prove ( ) is a 

prime submodule. Let    

   for       and suppose 

that   , since M is uniform, 

then ( )  ( )  ( )    

     , and so, there exists a 

non zero elements       such 

that        . But    

   so     . It follows that 

       , and so   

    (  ). Hence by corollary 

3.11   √    ( )for each y in 

M. On other hand       is a 

semi-prime ideal of R, so 

      ( )for all y in M, and 

so         Thus( ) is a 
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prime submodule of M. Hence M 

is prime module.  

     The converse is direct. 

Proposition 3.13. Let M be a 

uniformR-module and       is 

a semi-prime ideal of R for each 

non-zero submodule N of M. 

Then the following statements 

are equivalents: 

1. M is an essentially pseudo-

prime module. 

2. M is prime module. 

3. M is a quasi-Dedekind 

module. 

Proof.   by proposition 3.12. 

    by [ Theo.3..11]
(10)

 

     by [Theo.1.7] 
(10)

we get 

M is prime, hence an essentially 

pseudo-prime module. 

Corollary 3.14. Let M be a 

uniform R-module, and       

is semi-prime ideal of R for each 

non-zero submodule N of M. 

then the following statements are 

equivalents: 

1. M is an essentially pseudo-

prime module. 

2. M is an essentially quasi-

prime module. 

3. M is a quasi-Dedekind 

module. 

Proof.    clearly. 

    by proposition 2.8, and 

[Theo.3.11]
(10)

. 

    by proposition 2.9. 

4.Essentially Semi-Prime 

Modules. 

     In this section, we introduce 

the essentially semi-prime 

modules as a generalization of 

prime modules. We give in this 

section some characterizations, 

examples and properties of this 

concept. 

Definition4.1. An R-module M is 

called an essentially semi-prime 

module if       is semi-prime 

ideal of R for each a non-zero 

essential submodule N of M. 

It is clear that every prime 

module is an essentially semi-

prime module, but the converse is 

not true, since the Z-module    is 

essentially semi-prime Z-module 

but not prime because the only 

essential submodule of    is    it 

self and          is semi 

prime ideal of Z. Also    as Z-

module is not essentially quasi-

prime module and not essentially 

pseudo-prime module.    as Z-

module is an essentially pseudo-

prime module, but not essentially 

semi-prime module. That is 

essentially pseudo-prime 

modules and essentially semi-

prime module are independent. 
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Also the homomorphic image of 

an essentially semi-prime module 

is not an essentially semi-prime 

module, for example the Z-

module Z is an essentially semi-

prime module because it is a 

prime and 
 

  
    is not 

essentially semi-prime Z-module. 

     The following theorem gives 

characterization of essentially 

semi-prime modules. 

Theorem 4.2.Let M be an R-

module. Then the following 

statements are equivalent: 

1.  M is an essentially semi-

prime module. 

2.           is semi prime 

ideal of R for every non-

zero essential submodule 

N of M and for every ideal 

A of R such that      

 . 

3.         ( )  is a semi 

prime ideal of R for every 

non-zero essential 

submodule N of M and 

every ideal of R generated 

by            . 

4.     ( ) is a semi-prime 

ideal of R for every non-

zero essential submoduleof 

M generated by   

       

Proof.( )  ( ) Since M is an 

essentially semi-prime module, 

then      is semi prime ideal 

of R for every non-zero essential 

submodule N of M. Assume that  

A is an ideal of R such that 

       . Hence by 

[Prop.1.4(2)]
(4)

 follows that 

          is a semi-prime ideal 

of R. 

( )  ( )  It follows by 

[Prop.1.4(3)] 
(4)

. 

( )  ( )  Let (m) be a non-

zero essential submodule of M 

generated by        . 

Since        ( ) and 

     ( )        ( ) is a 

semi-prime ideal of R. 

( )  ( ) Let N be a non zero 

essential submodule of N, and 

    ( ) is a semi-prime ideal 

for each non-zero essential 

submodule generated by   

     . Then       

⋂    ( )    is a semi-prime 

ideal of R. Hence M is an 

essentially semi-prime module. 

Proposition 4.3.  Let M be an R-

module. Then M is an essentially 

semi-prime module if and only if 

( ) is a semi-prime submodule of 

M. 

Proof. Since M is essentially 

semi-prime module, then 

    ( )is semi –prime ideal of 

R for each non-zero for each 

essential submodule generated 
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         Now, let 

    ( ) where       

     . Thus        then 

        ( ),hence   

     ( ). That is     , thus 

   ( ). Therefore ( ) is semi-

prime submodule of M. 

Conversely; Let ( ) be a non-

zero essential submodule of M 

generated by       . 

Suppose that        ( ), 

hence       that is    

( ), but ( ) is a semi-prime 

submodule of M, hence    

( ). That is     , hence   

     ( ). Therefore      ( ) 

is a semi-prime ideal of R. 

     Recall that an R-module M is 

a Z-regular if for all      there 

exists      (   )    such 

that  ( )    (Zelman owitz 

J. )
(11)

. 

Proposition 4.4.  If M is Z-

regular R-module, then M is 

essentially semi-prime module. 

Proof. Assume that ( ) is a non-

zero essential submodule of M 

generated by        . Let 

        ( )  Since M is a Z-

regular, then there exists   

  such that (  )      . 

Thus  ( )      . But 

        ( ), thus    

 ,hence     , whence 

       ( ). Therefore 

     ( )is semi-prime. Hence 

by proposition 4.2 M isan 

essentially semi-prime module. 

     The following proposition 

shows that in the class of uniform 

modules, the two concepts prime 

modules and essentially semi-

prime module are equivalent.  

Proposition 4.5. Let M be a 

uniform R-module. Then M is an 

essentially semi-prime module if 

and only if M is a prime. 

Proof. Suppose that M is 

essentially semi-prime module, 

and N a non-zero submodule of 

M. To prove that        

      . It is clear that        

      . Let                

      . Then, there exists 

        such that     . 

But M is uniform, then   

(  )  ( )  thus there exists a 

non zero element     (  ). 

Hence      , where r in R. 

Thus          . Hence 

        (  )         , so 

     (  ) is semi prime ideal of 

R, therefore       (  ) and 

this implies         a 

contradiction. Thus        

      . Therefore M is a prime. 

 The converse is direct. 

     The following proposition 

shows that in the class of uniform 

module the concepts quasi-
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Dedekind modules and 

essentially semi-prime module 

are equivalent. 

Proposition 4.6.  Let M be a 

uniform R-module. Then M is an 

essentially semi-prime if and 

only if M is a quasi-Dedekind. 

Proof. Suppose that M is an 

essentially semi-prime module, 

hence by proposition 4.5 M is a 

prime. Then by [Theo.3.11]
(10)

 M 

is a quasi-Dedekind. 

 Conversely; by [Theo.1.7]
(10)

, we 

get M is a prime. Hence M is 

anessentially semi-prime module.    

     From propositions 4.5, 4.6, 

and 2.8 we get the following. 

Corollary 4.7. Let M  be a 

uniform R-module. Then the 

following statements are 

equivalent. 

1. M is anessentially semi-

prime module. 

2. M isquasi-Dedekind 

module 

3. M is an essentially quasi-

prime module. 

4. M is a prime. 
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 بعض اعواهات الوقاسات الاولية

 **هؤهوى فحاح العباسي                                 و                     *هيبة كرين الركابي

 كلية علوم الحاسوب والرياضيات ,قسن الرياضيات*

 جاهعة جكريث, كلية الحربية,  قسن الرياضيات**

 

 الخلاصة

لكل مقاس غْش               أًلْآ  ارا كان  ّذعَ مقاسآ Rعلَ الحلقة Mالمقاس

فِ ىزا البحث قذمنا المقاسات الجٌىشّة الظاىشّة الاًلْة، ًالمقاسات   Mمه  Nصفشُ جزئِ 

جٌىشّة الكاربة الاًلْة ًالمقاسات الجٌىشّة الشبو الاًلْة كؤعمامات للمقاسات الاًلْة اللا

افة الَ رلك ًدسسنا العلاقة بْنيما. العذّذ مه التشخْاصات ًالخٌاص ًالامثلة اعطْث. بالاض

 دسسنا علاقة ىزه الاعمامات مع بعض أصناف المقاسات الاخشٍ.

 

 

 


