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Abstract

In the present paper, we introduce a generalization of the Summation-Integral Sz&sz type
operators denoted by S, ,(f(¢); x). First, we prove the convergence theorem for the operator.
Then, we find a recurrence relation of the m-th order moment for the operator Sn,p(f(t); x).

Finally, we give a VVoronovskaja-type asymptotic formula and an error estimate in terms of
modulus of continuity of the function being approximate.
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1. Introduction:

The Szész-Mirakyan operators are
defined by

La(f;2) = i 4O (3),
k=0

X ERy:=[0,00),n €N ={1,2,..}
where

()

Gn i (x) = el ,keN°:=Nu{0}

The operators L,(f;x) knew by the
classical Szdsz operators (Szasz). After
that, Kasana et. al. (H. S. Kasana et al),
proposed a modification of the classical

Sz&sz operators to approximate a space of
functions integrable on R, as:

169

RGO
= ankoc) f G (OF @t

Rempulska and Graczyk in the paper [3]
introduced a modification of the Szasz
operators and studied some direct results in

ordinary approximation as:

MTl,T‘(flx)

R NIk (rk) .

A (nx) (rk)! f n) *=Ten

k=0

EN,

had trk
where A (t) = kz (Tk)!for t

=0

€ R,.

In this paper, we introduced a new sequence
of linear positive operators S, ,(f(t);x)

given as follows:
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NGO
-z n;qn,pkoo fo Gk (O) £ dt

+£(0) qn,o(x)) (1)

2. Preliminaries :
We give some lemmas which help us
in the proofs of main theorems.

Lemma 1: [2]

For n,r € N,x € Ry and

oo

k-m
(m) m N ()"
A = -
r (x)=n k—m1 rk

k=m
=m,

(nx)rk

where A,(nx) = D] ,we get :

=0

d (nx)rk
( k)!

)rk

@ Z (( -

(1)

rk = xA;(nx) ;

(rk)?
= x2A4} (nx) + xA, (nx);

)rk

()z(( -

(rk)?
= x34)" (nx) + 3x%2A! (nx)
+ x A, (nx);

(nx)rk

()Z(k),

= xmA(m) (nx)
1
m(m )xm‘lAﬁm_l)(nx) +

2
terms of form
Cx'AY (nx), where 0 < I < m — 1.

(rk)™
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Lemma 2: [3]

For n,r € Nand x € (0, o), we
get:

AU (nx)
"nsA,(nx)

AU (nx)
nmA,(nx)

=0(1)

as n—>o,s=r+m, r=>1.

AT (nx)

And =L —~
1 A, ()

=o(n™").

Lemma 3: [1]

There exist polynomials Q; ; ,-(x)
independent of n and k for sufficiently
large n, such that:

xrqg,)((x) = z nt (k
2i+j<r

i,j=0

— %) Q; j.r (%) G i ().

3.The Convergence Theorem of

S‘n,p (f(®); x):

We show that the operator S, ,, (f; x)
converges to f(x) in C,[0, o) by applying
the conditions of Korovkin's theorem.
Where C,[0, o) the space of all real valued
continuous functions on interval [0, «) such
that |f(t)| < Ce™ for some constant € >

Oandh > 0,t = 0.

Theorem 1:

For n,p € N and x € R, the
following conditions are hold:
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(D gn,p(lix) =1

@) Sup(ti) = 220
jX) = ———=—>x as n
wp nA,(nx)
- 00;
. x2A)(nx) 2xA,(nx
(3) Snp(tzix)z p () ()
’ n?4,(nx) n?A,(nx)

- x% as n - .
Therefore,

Snp(F(©);x) - f(x) as n - o forall
f € Ch[0,00)
Proof:

Using Lemma’'s 1and 2 the
consequence (1) is easily verified, hence
the details are omitted.

The proof of (2) is given below:

gn,p (t; x)

1{ < @
= G. <n Z Qn,pk(x) f qn,pk—l(t) tdt
X 0

k=1
o0

1
D () @R

naG
* k=1

o

+

xA;,(nx) o
= ———— (linview of Lemma 2)
nA,(nx)
—x as n— oo, (inviewof Lemma?2)
Using the same technique and Lemma's 1

and 2 the value of Sn,p(tz;x) is followed

immediately as:
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x% Ay (nx)
n?A,(nx)

2x Ay (nx)
n?4,(nx)

S~n,p (tzi x) =

- x% as n - o,
Therefore, by Korovkin's, we get:

Sup(f(£);x) = f(x) as n— oo, |

4. The m-th Order Moment for

S‘n,p (f(); x):

In this part, we give the definition of
the m-th order moment for the operators
§n,p(f ;x) and prove a recurrence relation

for this moment.

Definition 1:
The m-th order moment (m € N°)
for the operators Sn,p(f (t); x) is defined

by:
Tn,m(x) = S:n,p((t - x)™; x)

1{ < r
= G_ nz Qn,pk(x)J Qn,pk—l(t)(t
x
k=1 0
—x)Mdt + (—x)Me™™

=Unm (x)

(_x)me—nx .

G (2)
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Lemma 4:

For the function U,, ,,,(x) which is
defined above, we have:

Un,O(x) =1-e™, n,1(x)

=x Gx +e™™
nG, '

and
M1 (O = 2 (Ui ()
+ 2mUy 11 (x)
+ G—;C Unm(x)}
G,
+ mUp, 1, (%), m=1,

where G, = e"™A,(nx) and G, =

e ™ (A;, (nx) —n4, (nx)).

Proof:
By direct computation, we easily
have the values of U, ((x), U,,(x) and
Un,2 ().

Now,

Urrl,m(x)
n o0 ' o0
= 56| Dt [ upr O
k=1 0
—x)™dt

- mz qn,pk(x) .l- qn,pk—l(t)(t
k=1 0

—x)™1dt
_Ga’cz Qn,pk(x)f Qn,pk—l(t)(t
k=1 0

—x)™ dt}.
Then

G

Upm () + MU 1 () + 2
X

Un,m (x )

n ,
= 2 ) [ a0
X
k=1 0
—x)™dt.

Since xq,'wk(x) = (pk —nt +n(t -

x))Qn,pk (x) we get:

’ G'
X {Un,m(x) + mUn,m—l(x) + G_x Un,m(x)}

X

n
= G E Qn,pk(x)fCIn,pk—l(t)(pk
x
k=1 0

—nt)(t—x)™dt

+ nUn,m+1 (x).
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= GEZ qn,pk (X) f qn,pk—l(t)((pk -1
* k=1 0

—nt)(t —x)™dt

n ‘
+2 Q@) [ a1
X
0

k=1
— )™ dt + nUp 1 (x)

we obtain:

’ G’
X {Un,m(x) + mUn,m—l(x) + G_x Un,m(x)}
x

- nUn,m+1(x) - Un,m(x)
n i ,
= 2 g0 [ Cnpa O
X
k=1 0
—x)™dt.

Using the identity t = (t —x) + x and

integration by parts, we have:

nUn,m+1(x) =X {U;l,m(x)

+ 2mUp -1 (x)

Gy
+ G_x Un,m (x)

+mUpm(x); m=>1m

Lemma5:

For the function T,,,,(x) which is

defined in (2), we have

7;n,O (x) =1, 7~1n,1(x)

xGy

=G and T, ,(x)

_ x*GY  2xGy  2x

n2G, n%G, n’

The recurrence relation is:

MTmas () = 3{ Tim () + 2T 1 ()

!
X

G, .
+ FxTn,m( x)}

+mT,n(x)m=1 (3)

where G, = e"™A,(nx) and G, =
e "™ (4}, (nx) — nd,(nx)).

Further, we can determine for sufficiently
large n the following:

(i) T, m () as a polynomial in x of
degree m.

(i)  foreveryx € Ry, Tpym(x) =
0 (n_[(nlz_-'-l)])
Proof:
It is easy to show that

Tn,O (x) =1, 7‘1n,1(x)

xG, _
=nGz and T ,(x)

x%G, 2xG, 2x

= + .
n?G, n*G, n

From (2) and Lemma 4, we have:
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nTn,m+1(x) =n {Un,m+1(x)

_a\m+1l,—nx
+<x)_e}
Gy

=X {Ur’l,m(x) + ZmUn,m—l(x)

Gy
+ G_x Un,m (x )
+ mUp, 1, (x)

n(_x)m+le—nx

G

_x {T,;,mm

n(—x)me™™ + m(—x)™ e ™

G

G (—x)™e ™
"+
G}

(_x)m—le—nx}

2mx {Tn,m—l(x) - G
x

Gy (~
+ xG—x{Tn,m(x)
X
—x) e~
_L}Jr

G

ey

m (T ()~

n(_x)m+1e—nx

Gy ’

then

nTn,m+1 (x)

=X { Tr;,m(x) + Zan,m—l(x)
Gy ~
+ ?x Tn,m( X)

+m Ty (x), m > 1.

From the values of T;, o (x) and T, ; (x), it is
clear that the consequences (i) and (ii) are
hold for m=0 and m=1. The
consequence (i) can be proved easily by
using (3) and the induction on m.

Using the same technique in Lemma 1.5 (ii)
[2], the proof of consequence (ii) is holds.

Lemma 6:

For m > 1,we have:

S:n,p (t™; x)

1

— (m)
= g A )

+m(m — l)xm‘lAz(,m_l) (nx)
+ terms of form C xlAz(,l) (nx), 1

<m-— 1)
Proof:

By direct computation , Lemma 1

and using (1.1) [2] , we get:



Basrah Journal of Science (A)

Vol.34(2), 169-182, 2016

gn,p (t™; x)

n o0
= _Z Anpk (x) J. Qn,pk—l(t) t™ dt
G k=1 0

+0

_n - ((pk — 1) + m)!
- G_x; CIn,pk(x) (pk IR 1)| nm+1

1 0
= WZ Qn,pk(x) ((pk -1)
* k=1
+ m)((pk - D+m

— 1) ...pk)

1 o0
= G z Qn,pk(x) < (pk)™
k=1

N m(mz— 1) (k™1

+ T.L.P. (pk)>

Where T. L. P. the terms in lower power of

X.
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n™ A,(nx) <x p (%)

m(m—1)

5 xm"lAg"_l) (nx)

+m(m— 1)

5 xm"lAg"_l) (nx)

+ terms of form C x'AL (nx), 1
<m-— 1)

— m A(m)
nmA, (nx) (x p (%)

+ m(m — 1)xm_1Az(,m_1) (nx)
+ terms of form C xlAg)(nx), l

<m—1). [ |

Now, we prove that the derivatives
of the operator (1) are approximation

processes  for  corresponding  order

derivatives of the function being

approximated.

Theorem 2:

Suppose thatr € N, f € C,,[0, ) for
some h > 0 and £ exists at a point x €

(0, ), then
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lim $00(F(8); %)

=

Further, if £ exists and is continuous on

(a—n,b+n)c(0,0),n>0, then
(4) holds uniformly on [a, b].
Proof:

By using Taylor's expansion of f,

we get
f(‘)( ) i
£ = z (t-»
i=0
+e(t,x)(t—x)"; e(t,x)
- 0as t - x.
Hence,

@
SO x) = Zf Us“)((t

—x)5x)
+50(e(t, x) (= 2)7; %)
=3 + 3,

By using Lemma 6, if i < r we have

SN,S,rg(t"; x) - 0.

Q)]
T, = Zf ()S(T)((t x)% x)

(4)

176

—x)" I 80 (t; x)

z fOx) 2

O .
> Ts,([; (t"; x)
- f(T)(x) as n
— o0,

= o\ 2 4@ | et 0
X k=1 0

—x)rdt + Gi (0, x)(—x)re‘”x> :

X
== 11 +12

Next, making use of Lemma3 and

replace k by pkand the fact

1 1
— > r € N° we have:
Gy
|1
1 Qi N
<— z Tll+1x—r(z Qn,pk(x)lpk
X 2i+j<sr k=1
i,j20

[ee]

—nxl) [ e (0 leCes 00(e = 07
0

Since &(t,x) » 0 as t - x, for given
€ > 0, there exists § > 0 such that
le(t,x)| <&, whenever 0 < |t—x| <.
For |t — x| = §,there exists a

|le(t,x)(t -

constant C > 0 such that

x)"| < Ce™ . Hence,
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|11

n

< CG_ Z niZQn,pk(x)lpk

X2itjsr k=1
i,j=0

ol [ e f i1 (Dt — 07|t
|[t—x|<6

+ [ qupeaOlea - o

|t—x|=6
=J1+)z
. Qi,jr(x)
Since sup |”—rr| =M(x),x
2i+jsr X
i,j=0

€ (0,) but fixed.

Now, using Cauchy-Schwarz inequality for

integration and then for summation, we are

led to
h 3
& .
<C Dt quplpk
G, £ '
2i+j<r k=1

i,j0
1
. 2
— nx|/ (f Qn,pk—l(x)dt>
[t—x|<8

X j Qn,pk—l(x)(t - x)Zr dt
|t—x|<8

< Ce Z i ﬂz
o n (Gx Qn'pk(x) (ﬂ
2iyj<r k_1 n
1
2j \?
)

N |

ij>0

n
(= @@ | Gupiea O
G, &

|t—x|<8
1

2

—x)?" dt

We have:

2j [ k 2j
w(Z oo G
* \k=1
+ qno (x) (—x)zj

= qno () (—0)¥ )

_n z - (%_x)”
Gx Qn,pk n
k=0

_ e—nx(_x)2j>
=n?% ( o(n7) + O(n‘s)) =0(n/) for
any s >0,
Since,

n
G_z Qn,pk(x)f Qn,pk—l(t) (t
x |t—x|<8

— %) dt = Uppr(x)
= 0(n™")

Hence,

: J _r
J, = Ce Z nlo(nz)o(n z)
2i+jsr
,jO
2itj T
= 80(71 2 2) =¢e0(1).
Next, again using Cauchy-Schwarz
inequality for integration and then for

summation, we have:
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J2
¢ i+1
SG_ § n § Qn,pk(x)(pk
X 4 -
2i+j<r k=1
1,j20

:
- nx)j ( f Qn,pk—l(t)dt> X
[t—x|=6

1
2
< f Qn,pk—l(t)ezm dt>
|t-x|26

1
<c Z nif 1 Z |2
2itj<r <ka IQn,pk(x)(pk_nx)2]>

i,j20

n o0
X G_ Z Qn,pk(x)
x
k=1

Making use of Taylor's expansion, Cauchy-

1
2

Qn,pk—l (t)ezm dt >

|t—x|=6

Schwarz inequality for integration and then

for summation and Lemma 5, we have:

I=0(n"%); s=0,
where [
n 2ht
= G_ Qn,pk(x) Qn,pk—l(t)e dt.
) |[t—x|=8
Therefore,
. j
=C z nto0 <n5) o(n~*%) =0(1),
2i+jsr
i,j=0
r
for s > —.

2
Now, since € > 0 is arbitrary, it follows

thatl; > 0 as n » . Also I, - 0
22 == 0(1)

Combining the estimates X; and X,, (4) is

asn — o and hence
immediate.

178

The next theorem is a VVoronovskaja-

type asymptotic formula for the operators
SO(F(D);x), T € N.
Theorem 3:

Let f € C,[0,) for some h > 0. If
F+2) exists at a point x € (0, ), then
tim 7 (SO (£ (6); ) — P (0}
= rf ()
+x fT+D (x).

Further, if f+2) exists and is continuous
on theinterval (a —n,b + 1) c

(0,),n > 0, then (5) holds uniformly on
[a, b].

Proof:

By using Taylor's expansion of f,

we have:
SO®
£ = ZO == )
+ e(t, x)(t
—x)"?; e(t,x)
-0ast-x
Then
. r+2 (i)( ) o
SO0 = Y =250
i=0
—x)% x)
+ 85 (et 0)(t
_ x)r+2; x)_
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Using the same technique of Theorem 2,
we get:

5122(5(@ x)(t—x)"*%x) > 0as n - o.

Then
(1) <O 0
SO0 = Z R iel(@
—x)% %)
()
f (x )S(T)(tr x)
r!
FO(x)
e (00

+ 1S x)

+ 80t x)

25(7') (tr X)

f(”z)(x) r+Dr+2)
(r + 2)! 2

+ (r

+2)(=0)ST(E; x)4ﬂs°°(tr+2;x)>.

For sufficiently
Lemma 2, we get:

large n and using

r!

r!

n—-oo

. {f(”(x)
lim n

Fr
MY <(_x)(r

+Dr!+ @+ 1D)'x
N r(r + 1)r!> N Fr+2)(x)

n (r+2)!

179

<(r + D+ 2)r!
X 5 X

'*(r*‘z)ﬂ—x)<(r4—1)!x4-fgiéfﬁﬁi)
(r+2)!
7 X

+&+1Xrimﬁqqu>—ﬂ”@%

=rfTD(x) + x fT+D(x).

lim n {S7)(F(0;0) = £ 60}
= rf ()
+x D (). ]

Finally, we give an estimate of the
degree of approximation by the operators

SO (@); %),

Theorem 4:

Let f € C,[0,) for some h >0
and r<v<r+2If f® exists and
continuouson (a —n,b +1n) c (0,0),n >
0, then for sufficiently large n,

np

v
S Cln_l Z ||f(L) ”C[a,b]
i=r

+Czn_71wf(v) (H_Tli (a—n,b+ 77))
+0(m™?),
where C;, C, are constants independent of

f andn, w,(8) is the modulus of continuity
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of f on (a—n,b+n), and

|l. [l ¢cja,pjdenotes the sup-norm on [a, b].

proof:

By our hypothesis

= £ (D)
=Y xy
i=0

@) — fWy
+f (f)v!f (x)
—x)"x(t)
+h(t, x)(1 - x(@®)),
where & lies between t,x, and y(t) is

(t

the characteristic function of the

interval (a —n,b + 7).

Fort € (a—n,b+n)andx € [a, b], we
get:

By using Lemma 6, we get

= Z’cm(")Z ()

x/ Ag ) (nx)

1
<anp(nx) (
+( = 02714970 (nx) + 0(n-2))
_ f(r)(x).

Consequently,

121l ca,n)

v
< 6o | Yl
i=r

+ 0(n~2), uniformly on [a,b].

To estimate Y, we proceed as follows:

= F@
Fo =Yy

N fP@ -

vl

(t

- x)".

Fort € [0,0)\(a—n,b+1n) andx €
[a, b], we define

h(t,0) = f@©) = )

i=0

0 _
fi! (t — x)L.

Now,

SO x) = FD ()

®
_ (zf @ 500

=0

—0)5x) = fO ) )

) )
+$ <f (E) f ()( —x)”)((t);x>

s(” D (r(t,x)(1

—x(t)) x)
=1+ X2 + X
&) (FPO-rP@)
1821 = $p (2l -

xl*x(; %)

wf(v) (6; (a - T], b + 77)) a(m)
Snp(|1

v!

N |t — xI) e xl”-x)
6 )

W) (6;(a—n,b+1n)
v!

[Giz a0y )| f an k(O (1t

k=0
— x|V + 6‘1|t —x|"*tN)dt

+e ™ (xV + 6‘1x”+1)] ,0

> 0.
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Now, for s = 0,1,2, ..., we have:

n
G_Z Qn,pk(x)h?k k=0 2i+j<r
* k=1 i,j20
o IQ ( )]
~ b [ GOt o] e ) j Qi (D¢
0
— x|5dt (6) —x)°dt (7)
1
1% . 0, i +(x) / e
< <G_xz qn,pk(x)(pk — nX)2]> < ZS_Pp sup —| lr]):ﬁr | | z nt (G_Z qn,pk(x) |pk
k=0 i+jsr x€[ab] 2itj<r X k=0
o % LJj20 1,20
n o0
2 Gk [ GO |
= J =) [ e (@) = 21° de
> 0
—x)* dt (1 s)
—C z nio ( )
2i+j=sr
i i,j20
1 =S (r-s)
=0 ("2) 0 (n g ) =0 (nT) ,uniformly on [a, b],
G-9)
=0 (nJT) uniformly on [a, b]. )
since
Cir(x
Therefore , by using Lemma 3, (6) and sup  sup w
substitute k by pk, we get: Zz;ﬁr x€lap] X

oo o = M(x), but fixed.

n

E |05 [ aupu©le =21 a
k=0 0

Since t € [0,0)\(a —n,b + 1), we can

Choosing § =nz and applying (7), we choose & > 0 in such away that
are led to
|t — x| = 6 forall x € [a, b].
Thus,
122l cra,b) 13|

_ o (n_Tl: (z'— nb+ ’7)> [0 (n<-7>) < Gii z n'|pk

X k=02itj<r

+n20( = )+0(n_m)] | i,j20 |
- Qi () f
x|) ——— x )|h(t,x)| dt
for any m > 0, V= npi( )u laqn,pk(n (t, )|
—-X|2
e ™| h(0,x)|.

< Czn_(rz_v)a)f(v) (n_Tl; (a—n,b+ n)).
For |t — x| <&, we can find a constant
C > 0 such that |h(t, x)| < Ce™.

181
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Finally using Schwarz inequality for
integration and then for summation , we

get:
|25] = 0(n™%),s > 0 uniformly on [a, b].

Combining the estimates of }1, X,, Y3,
the required result is immediate.
[ |
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